The non-associative exponential series exp(x) is a power series with monomials from the magma M of finite, planar rooted trees. The coefficient a(t) of exp(x) relative to a tree t of degree n is a rational number and it is shown thatâ
Introduction
For a natural number n, we denote by M n the n-th Mersenne number 2 n − 1.
The Mersenne factorial n! M is defined to be the product
M i of all Mersenne number M 1 , ..., M n while the Mersenne binomial n r M is defined to be n! M r! M (n − r)! M for natural numbers r between 0 and n.
In quantum calculus, see for instance [KC] , there are the notions [n] for the qanaloque of n ∈ N, [n]! for the q -factorial and n r for the q -binomial coefficients which are polynomials in the variable q. If f (2) denotes the value of a polynomial f after substituting 2 for q, then [n](2) = M n , [n]!(2) = n! M and n r (2) = n r M . Let M be the magma with unit 1 M freely generated by a single element x. It can be identified with the set of all finite planar binary rooted trees, see [DG] .
Let Q{{x}} the Q-algebra of power series with monomials from M. It was proved in [DG] that there is a unique series exp(x) ∈ Q{{x}} such that exp(x) = 1 + x+higher terms and
see also Proposition (3.2). Let a(t) be the coefficient of the non-associative exponential exp relative to the planar binary rooted tree t and put
A main result of this article states that allâ(t) are integers which are obtained as products of Mersenne binomials. The projection of the non-associative exponential to the classical one leads to the decomposition
if the sum is extended over all trees of degree n.
In section 1 the notions of Mersenne order and Wieferich exponents at odd primes is defined. One gets results about the prime factorization of Mersenne numbers.
In section 2 we show that all ω(n) are integers by computing the order ord p ω(n) for all primes p. The applications about the coefficients a(t) of exp(x) are deduced in section 3.
I would like to thank Doron Zeilberger for helpful hints.
Mersenne orders
We call M n = 2 n − 1 the n-th Mersenne number for n ∈ N, n ≥ 1. This is in contrast to the definition by D. Shanks, see [S] , Chap. 1, which is also widely used in which M n is called Mersenne number only if n is a prime. Let p be an odd prime. = 3 3 · 5 · 13. The Wieferich exponent for both primes is equal to 2.
. Let m be an integer and consider the group (Z/p m Z) * of units of the ring Z/p m Z. Let U m be the subgroup of (Z/p m Z) * of class congruent to 1 modulo p. Then U m has order p m−1 because any element α in U m has a unique representation by a number a = 1+
The order of α is m−min({i :
which shows that y ≡ x mod p as p > 2. Let now α =2 v(p) where2 is the class of 2 in Z/p m Z.
Then α ∈ U m and α is represented by a number a = 1 + p ε(p) · x, where x is not divisible by p. Then α p r is represented by a number 1 + p ε(p)+r · y with y not divisible by p. It follows that ord p M n = ε(p) + r because the order of α p r is equal to the order of α p r k .
where the product is extended over all odd primes p for which the Mersenne order v(p) divides n.
2 Factorial Mersenne quotients
n! for n ≥ 1; it is called the factorial Mersenne quotient at n. Let m ∈ N, m ≥ 1, and p be a prime. There is a unique p-adic expansion
where v(p) is the Mersenne order at p, m is the largest integer ≤ (n−1)/v(p) and ε(p) is the Wieferich exponent at p.
Proof.
2) Let now p be an odd prime. Then
and ord p M i = 0 if p is not divisible by p.
where m p (n) = m := [
] is the largest integer ≤ (n − 1)/v(p). It follows from Proposition 1.3 that
we get the formulas
Proof. We will show now that ord p ω(n) ≥ 0. From the formula in 3) we get
n−dp(n) p−1 ∈ N.
(3) From 1) and 2) we get that ord p (ω(n − 1)) ≥ 0 for all primes p. As ω(n − 1) is a rational number, it follows that ω(n − 1) is an integer.
Example 2.3.
(1) ord 7 ω(13) = 3, because n = 13, m =
13−1 v(7)
= 4, d 7 (4) = 4, d 7 (13) = 7, ε(7) = 1, n−d 7 (n) = 6, m−d 7 (m) = 0 ord 7 (ω(13)) = 4− = 21, because log(ω(n)) ≈ n+1 2 log(2) + n − (n + 1/2)log(n).
Let π M (x) be defined to be number of odd primes p such that the Mersenne order v(p) is ≤ x − 1. It seems interesting to determine the asymptotic behaviour of π M . One can expect some results about π M from the prime factorization of n! M , because π M (n) is the number of primes dividing n! M .
Example 2.4. π M (16) = 15 because the primes dividing 16! M are the odd primes ≤ 16 and the primes 17, 23, 31, 43, 73, 89, 127, 151, 257, 8191. 3 Coefficients of the non-associative exponential
Let M be the magma with neutral element 1 M freely generated by a set consisting of one element x. The multiplication in M is a map · : M × M → M and the restriction of this map onto (M − {1 M }) × (Mx{1 M }) is injective and its image is M − {1 M , x}. It means that for any t ∈ M − {1 M , x} there is a unique pair
There is a unique homomorphism deg :
It is important to realize that any t ∈ M, t = 1 M , gives rise to a unique planar binary rooted tree with deg(t) leaves, see [1] , section 1, p. 163. The grafting of such trees corresponds to the multiplication map of M.
Let P = Q{{x}} be the Q-algebra of power series with monomials from M. Thus any f ∈ P has a unique expansion
with c(t) ∈ Q. It will also be called the algebra of tree power series in x or the algebra of power series over Q in a nonassociative and noncommutative variable x. Define the order ord(f ) of f to be min{deg(t) : c(t) = 0}, if f = 0 and ord(0) = +∞. The following proposition is obtained by standard calculus methods.
if n = deg(t) and t = t 1 · t 2 with t i ∈ M.
As 2a(t) + a(t 1 ) · a(t 2 ) = 2 n a(t) for any t ∈ M with deg(t) ≥ 2, t = t 1 · t 2 , we obtain the desired functional equation. For the proof that f ′ (x) = f (x) we refer to [DG] .
From the proof we get that the coefficients a(t) of exp satisfy: a(1) = a(x) = 1 and
Proof.â
It follows from (3.3) thatâ(t) is a product of Mersenne binomials. More precisely:
n(a) − 2 n 1 (a) − 1) M ∈ N where I(t) is the set of inner nodes of t and n(a) is the degree of t ≤a where t ≤a is the tree below a which is defined to consist of all nodes b for which the simple path from b to the root of t is passing through a. Also n 1 (a) is the degree of the left factor s 1 of t ≤a (such that t ≤a = s 1 · s 2 ).
Example 3.5. Let T n be the set of trees in M of degree n defined as follows:
Then ♯T n = 2 n−2 for n ≥ 2. One can show thatâ(t) = 1 iff t ∈ T n .
Corollary 3.6. For 1 ≤ k ≤ n − 1 let
It follows from Corollary 3.6 that ω(n) = n−1 k=1 S k (n). Thus Corollary 3.7.
n−1 k=1 n − 2 k − 1 M ω(k) · ω(n − k) = ω(n). How to understand from this partition of ω(6) that 31 is a factor of ω(6)?
